We analyze h → 4 decays in the kinematical region where the dilepton pair of low invariant mass (m 34 ) is not far from QCD resonances (Ψ and Υ states). On the one hand, we present precise predictions of the spectrum within the Standard Model, taking into account non-perturbative QCD effects. On the other hand, we illustrate the sensitivity of this spectrum to New Physics models predicting the existence of new exotic light states. In particular, we show that parameter regions of models relevant to explain the (g − 2) µ anomaly could be probed in the future by means of h → 4 decays.
Introduction
The discovery of the Higgs boson at the LHC [1] has opened an interesting new chapter of phenomenological studies: the precise investigation of the properties of this new particle, which appears to be the unique massive excitation of a fundamental scalar field. So far, the measured couplings of the Higgs boson (h) to Standard Model (SM) fields are compatible with those expected within the SM (see e.g. Ref [2] and references therein). However, the effective interactions of the h particle are still poorly known.
The Higgs field is the only SM field that could have relevant or marginal interactions with exotic new states that are singlet under the SM gauge group [3] . For this reason, it is quite natural to conceive New Physics (NP) models with sizable modifications of the h couplings to SM or exotic states, and negligible impact in the electroweak precision tests (in agreement with present data). The sensitivity of h decays to physics beyond the SM is further strengthened by the measured value of the the Higgs boson mass. Since m h < 2m W , the potentially leading SM decay modes (to W W , ZZ, and tt) are kinematically forbidden. This fact implies an enhanced sensitivity to sub-leading h decay channels ruled by small effective couplings. These include rare SM decay modes (such as the semi-hadronic exclusive modes [4, 5] ), but may also include channels that are completely forbidden within the SM (such as lepton-flavor violating modes [6] or decays involving new exotic light particles [7] ). Both rare and forbidden h decay modes could provide an interesting window on physics beyond the SM.
In this paper we analyze the possibility to discover rare exotic h decay modes in the final states with two pairs of opposite sign light leptons, generically denoted by h → 4 . In particular, we analyze h → 4 decays in the kinematical region where the dilepton pair of low invariant mass (m 34 ) is not far from QCD resonances (Ψ and Υ states). The purpose of the paper is twofold. On the one hand, we present precise predictions of the m 34 spectrum within the SM, taking into account non-perturbative QCD effects associated to the quarkonium thresholds. On the other hand, we illustrate the sensitivity of this spectrum to NP models, pointing out the natural connection between anomalies in the h → 4µ channel and NP contributions to (g − 2) µ . If the current (g − 2) µ anomaly is due to the one-loop exchange of exotic light mediators (with mass well below m h ), this easily imply visible deviations from the SM in the m 34 spectrum of h → 4µ.
While this work was in progress, an extensive discussion about exotic Higgs decays has been presented in Ref. [7] . Given the two goals outlined above, our analysis is largely complementary with respect to Ref. [7] . The paper is organized as follows: in Sect. 2 we analyze the m 34 spectrum within the SM, with the inclusion of quarkonium effects. Sect. 3 is devoted to explore the connections between (g − 2) µ and h → 4 decays in a few representative NP models. The results are summarized in the Conclusions.
The m 34 spectrum within the Standard Model
Within the SM the Higgs decay into two pairs of opposite sign leptons is dominated by the tree-level amplitude h → ZZ * → Z + − , with the (quasi) on-shell Z decaying into a + − pair ( = e, µ). Following the notation introduced in the ATLAS [8] analyses of these modes, we denote by m 12 the dilepton invariant mass close to m Z and by m 34 the low dilepton invariant mass far from the Z pole (m 1 The tree-level decay rate for the (idealized) h → Z + − process is
The tree-level decay rate for the physical h → 4 decay is described by the convolution of Eq. (1), whereρ is replaced by m The tree-level expression in Eq. (1) is modified by next-to-leading order (NLO) electroweak corrections. In general these corrections are tiny, around the few per-mil level (slightly larger in the case of genuine QED effects), and leads to smooth modification of the q 2 ≡ m 2 34 spectrum. However, there are two classes of NLO effects generating larger local modifications of the spectrum, being associated to physical poles in the q 2 distribution within (or very close to) the allowed kinematical range:
I. the (one-loop) h → Zγ * effective vertex, which leads to the appearance of a pole at
II. the distortions of the spectrum due to narrow hadronic resonances contributing to Z − γ mixing (see Fig. 1 ), leading to narrow poles for q 2 → m 2 res .
1 In the notation of CMS [9] , m 12 → m Z1 and m 34 → m Z2 . 2 In the following we also use the notation The additional contribution of the h → Zγ * → Z + − amplitude leads to the following correction term,
which cannot be neglected at low q 2 . Here
8 is the reduced one-loop effective vertex dominated by W -boson (A W ≈ −6.5) and top-quark loops (A t ≈ 0.3) [11] (see also Ref. [12] ). Note that we include both the interference term and the modulo square of the h → Zγ * → Z + − amplitude. The latter is formally a higher-order correction; however, it is the term that leads to the largest local modification in the q 2 distribution because of the pole at q 2 → 0. As we discuss in the following, a similar phenomenon happens for the distortions of the spectrum due to narrow hadronic resonances contributing to Z − γ mixing.
Hadronic contributions to Z − γ mixing
In order to take into account the effect of narrow hadronic resonances in Z − γ mixing, we introduce the two-point correlation-function Π µν Zγ (q), defined as
where J γ,Z ν (x) are the following quark currents
Taking into account that contributes to these correlators. The QCD vacuum-polarization functions Π γγ (q 2 ) and Π 3γ (q 2 ) have been extensively discussed in the literature in the context of electroweak precision observables (see e.g. Ref. [13] ). These functions can be reliably calculated using perturbative QCD only for q 2 Λ 2 QCD and sufficiently far from quark-antiquark production thresholds and narrow resonances.
As pointed out first in Ref. [14] , Π γγ can be extracted from σ(e + e − → hadrons) data for any value of q 2 > 4m 2 e using dispersion relations (based only on causality and unitarity of the S-matrix):
where
and σ 0 denotes the tree-level e + e − → µ + µ − cross-section. To extract Π 3γ (q 2 ) from data we need some extra theoretical assumptions. In the limit of exact SU (3) symmetry for the light flavors, and taking into account that the OZI-rule is satisfied to good accuracy for the heavy flavors, we can write [13] 
which implies
In the following we are interested in estimating Π Zγ (q 2 ) for q 2 > (2 GeV) 2 . In this region Π uds γγ (q 2 ) can be reliably estimated in perturbation theory, while the contribution to R(s) due to cc and bb narrow resonances is well described by a sum of narrow BreitWigner terms. Neglecting the smooth contribution of open heavy flavor production, we can write
where the sum runs over hadronicresonances with J CP = 1 −− , 3 whose decay constants,
Modifications of the q 2 spectrum due to narrow resonances
The NLO contributions due to Z − γ mixing can be included in the h → Z + − decay distribution via the following straightforward modification of Eq. (1): State 0.9% Table 1 : List of narrow cc and bb narrow resonances giving rise to sizable modifications of the dΓ(h → Z )/dq 2 spectrum. In the last column we report the relative modification of the spectrum assuming the following m 34 bin: [
listed in the PDG we derive to the q 2 distributions shown in Fig. 2 , where the additional correction due to the h → Zγ * amplitude in Eq. (2) has also been included. As expected, the only visible peaks above 2 GeV are those induced by the narrow J/Ψ(nS) and Υ(nS) resonances that cannot decay into open charm and open bottom states, respectively. Their complete list is reported in Table 1 . The plots shown in the first row of Fig. 2 assume an exactly on-shell Z, whereas in the third row we take into account the full h → 4 decay, and impose the following cut on m 12 around the Z mass: |m 12 − m Z | ≤ 10 GeV . As can be noted, this imply a significant smearing near the end point of the m 34 distribution, but has almost no impact in the shape of the resonance region.
In the limit Γ V i /m V i → 0, which is a very good approximation for the narrow resonances in Table 1 , the contribution of the narrow states adds incoherently to the leading (perturbative) contribution in the h → Z + − spectrum. The incoherent contribution of each resonance is given by
= m
5 Using Γ h (m h = 125.5 GeV) ≈ 4.07 MeV we find the relative rates reported in Table 1 . As shown in the last column of Table 1 , the hadronic resonances cause at most a ∼3% modification in a 1 GeV wide bin of m 34 , but the relative impact would raise to ∼30% for a 100 MeV wide bin, assuming an experimental m 34 resolution significantly smaller than the bin width. An effect of this size could possibly be measurable at the LHC in the high-luminosity phase. 4 The ∼ 20% difference between the value of B(h → ZJ/ψ) in Table 1 and the original prediction in Ref. [4] is due to updated (more accurate) numerical inputs.
5 Expanding up to linear order inˆ one gets R = 1 + In Fig. 3 . In particular, we assume σ m = 1.5% × m (upper panel) and 0.5% × m (lower panel). As can be seen, the narrow Breit-Wigner peaks become approximate (sometimes overlapping) gaussian curves of σ 2 m variance.
3 NP contributions and connections with (g − 2) µ .
The anomalous magnetic moment of the muon, a µ = (g − 2) µ /2, is a very sensitive probe of physics beyond the SM. At present, a µ is also one of the very few low-energy observables exhibiting a significant deviation between data [15] and SM prediction [16] :
In the following we will assume that this discrepancy is due to NP, and explore the possible implications of this assumption in h → 4 decays. On general grounds, it is natural to expect a connection between NP contributions to a µ and possible deviations from the SM in h decays of the type h → µ + µ − + X em , where X em is either a photon or a state coupled to the electromagnetic current (X em = γ, e + e − , µ + µ − , . . . ). This connection is manifest by looking at the SU (2) × U (1) Y invariant effective operator describing the a µ anomaly in generic extensions of the SM (see below). However, we should distinguish two main scenarios: i) NP models where the new particles generating ∆a µ have a mass above (or around) the electroweak scale; ii) NP models where the new particles generating ∆a µ are light and can be produced on-shell in h decays.
NP above the electroweak scale
If the SM is the low-energy limit of a theory with new states above the electroweak (EW) scale respecting the SU (2) × U (1) Y symmetry, all NP effects can be parametrized by higher-dimensional SU (2) × U (1) Y invariant operators. After EW symmetry breaking, the only combination of effective operators contributing at a µ at the tree level is
where F µν it the electromagnetic field tensor. This operator affects at the tree level also h → µ + µ − + X em decays, through the h → µµγ amplitude. The NP contribution to a µ is
where we see that TeV-physics with a MFV-like coupling (here y µ = √ 2m µ /v) can naturally generate the current anomaly. However, such a value for c 0 /Λ 2 is by far too small to generate any observable effect in h decays. Taking into account the interference with the tree-level h → µ + µ − γ SM amplitude we find
where the result is dominated by the interference term. This imply
EFT = O(10 −10 ), namely a O(10 −4 ) correction with respect to B(h → µ + µ − γ) SM , that is beyond any realistic detection. Indeed the present experimental limit on B(h → µ + µ − γ) is about 10 times above the SM prediction [17] .
We thus conclude that if particles above the weak scale are at the origin of the (g − 2) µ anomaly, we should not expect any directly related visible impact in h decays. Needless to say, if the heavy particles are within the LHC reach, they could be directly produced in pp collisions. However, the connection with ∆a µ is more model-dependent in this case (see Ref. [18] for a recent attempt to analyse in general terms the connection between ∆a µ and new states within the LHC reach).
Light scalar
A somehow orthogonal explanation of the (g − 2) µ anomaly is obtained assuming the existence of new light states, with mass m µ m NP m h . In this framework the contribution to ∆a µ , or a non-vanishing effective coupling for the operator in Eq. (16), is generated at the one-loop level, while NP can have a significantly larger impact in h decays with the direct (tree-level) production of the new states. Here we study a prototype case in this category, extending the SM with a single, SU (2) × U (1) Y invariant, scalar field φ. We assume that the effective interaction of φ to muons is generated by the exchange of additional heavy (TeV-scale) particles, resulting into the following effective Lagrangian:
The one-loop contribution to a µ generated by
which can easily accommodate the current experimental anomaly for m φ = O(10 GeV) and c 1µ = O(1). Note that the sign of the contribution to ∆a µ is necessarily positive, in agreement with the experimental result in Eq. (15) . The same interaction leads to a non-standard (tree-level) h → µ + µ − φ decay with the following differential rate
where m 12 is the invariant mass of the muon-antimuon pair. The total branching ratio is
where we have exchanged c 1µ by ∆a µ , leaving the mass of the scalar m φ as the only free parameter. The new scalar certainly decay into a pair of muons (by construction we assume m φ > 2m µ ) but may also have other decay modes (both SM particles, such as neutrinos, or other light exotic states). We can thus write
from which we conclude that φ is not long-lived. The h → µµφ channel could be detected only as an additional contribution to the 4µ final state, as discussed below.
The h → µµφ → 4µ decay
Using the above expressions we find
where we see that the NP effect would exceed the SM rate, unless
The distribution in Eq. (21) has a kinematical peak at m 12 = 3/5 m h ≈ 97 GeV, which is remarkably close to m Z . As a result, when organizing the dimuon pairs in low and high masses, the resulting double-differential spectrum d 2 Γ(h → 4µ)/dm 12 dm 34 is quite similar to the one expected in the SM for the quarkonium resonances (with the charmonium mass replaced by m φ ). Indeed, the Z-pole cut |m 12 − m Z | < ∆ performed by current experimental analysis will be passed by a significant fraction of the events produced through the light scalar interaction. Namely
which implies f ≈ 0.35 (0.70) for ∆ = 10 (20) GeV. Thus, an experimental limit of 50% on this ratio 6 would imply ∆a µ 2.9 × 10 −9 m φ 10 GeV
However, we stress that if m φ 12 GeV, a large fraction of this hypothetical exotic decay is not selected applying the cuts presently applied by ATLAS and CMS in their h → 4µ analyses.
As in the charmonium case, the peak at m 34 = m φ in the differential decay rate dΓ(h → 4µ)/dm 34 represents a much better observable to search for this exotic interaction. In fact, assuming m φ and B(φ → µ + µ − ) saturate the bound in Eq. (26), we would find B(h → (µµ) Z (µµ) φ ) ∼ 900 times larger than the contribution due to the Υ(1S) meson. In such case, the NP effect in a 1 GeV wide bin around the φ mass would be ∼ 30 times larger than the SM: an effect that is likely to be already ruled out by present data.
Other h decay modes
If the φ has a non-vanishing decay into e + e − pairs, the h → µµφ amplitude could have a non-negligible impact also in h → 2µ2e decays. The relative impact, compared to the SM, can trivially be obtained replacing B(φ → µ + µ − ) with B(φ → e + e − ) in Eq. (24) . However, we stress that while a non-vanishing B(φ → µ + µ − ) is guaranteed by the contribution of φ to the (g − 2) µ anomaly, in principle B(φ → e + e − ) could be very suppressed. A "true" h → Zφ decay could occur if we add the following interaction term,
This interaction induces a quadratically divergent contribution to the Z-boson mass: ∆m
from electroweak precision observables leads to |c 1h | < 0.4. Once this bounds is satisfied and |c 1µ | satisfies the ∆a µ bound, all other constraints (in particular from muon lifetime and Higgs mass) are satisfied. The new exotic channel has the following relative rate
h , which could exceed B(h → µµφ) in Eq. (22) . Considering only this exotic channel we find
which, similarly to Eq. (24) and (25), can be used to obtain non-trivial constraints over the parameter space of the model. We stress that once again that the peak in the differential decay rate dΓ(h → 4µ)/dm 34 offers a better signal to background ratio than the total branching ratio. We finally mention that in this framework is natural to expect a non-vanishing h → 2φ decay (e.g. from the d = 4 operator H † Hφ 2 ). However, the related h → 2φ → 4µ spectrum is quite different from the SM one, and the corresponding effective coupling is unrelated to the a µ anomaly. For these reasons, and given this process has been extensively studied elsewhere (see Ref. [7] and references therein), we do not discuss it here.
Light vector
Following the renewed interest in NP models with light massive gauge fields [19] , the possibility to explain the (g − 2) µ anomaly by means of an exotic light vector particle has been discussed in specific frameworks [20] [21] [22] .
Adopting a general effective-theory approach, the leading (d = 4) interactions of the exotic massive neutral vector Z µ d to muons can be parameterized as follows
where Z µ d is the mass eigenstate after electroweak symmetry breaking. The one-loop contribution to a µ expressed in terms of m Z d and c L,R is:
where [23] . Taking into account both forms of mixing, and allowing also non-vanishing charges for the muons under the Abelian group U (1) d associated to Z d , we can write
The bounds on and Z have been discussed in the literature (see e.g. Ref. [7, 23] and references therein). Given the stringent bounds on (in the permil range for 1 < m Z d < 10 GeV) is not possible to saturate the central value of ∆a µ in Eq. (15) in the pure dark-photon case ( Z = 0 and g d = 0), at least for m Z d > 1 GeV. In the pure dark-Z case ( = 0 and g d = 0), ∆a µ can have the correct magnitude but has the wrong sign. As a result, we are forced to have non-vanishing U (1) d charges for the muons in order to saturate the experimental value of ∆a µ for m Z d ∼ few × GeV.
Effects on Higgs decays
The possibility to detect h → ZZ d → 4 and h → Z d Z d → 4 decays has been extensively discussed in Ref. [7, 23, 24] . Here we limit ourself to briefly point-out the similarities of the exotic h → ZZ d → 2 2µ decay to the SM-allowed h → ZΥ(Ψ) → 2 2µ processes, and to discuss the possible connection with the (g − 2) µ anomaly.
The h → ZZ d decay is controlled by the following effective coupling 
For m Z d > 1 GeV and c L,R values relevant to explain the (g − 2) µ anomaly, the Z d boson is not long lived
As a result, the kinematics of the h → ZZ d → 4 decay is identical to that of h → ZΥ(Ψ) → 2 2µ (with an appropriate shift in the height and the position of the peak in the m 34 distribution).
The impact on the total h → 4µ rate can be written as
However, as already discussed in the light-scalar case, the most efficient way to put bounds on this exotic decay mode is by means of the dΓ(h → 4µ)/dm 34 distribution. The nonobservation of a peak in the present experimental h → 4 analyses was used in Ref. [7] to extract the following 95% C.L. limit
for 12 GeV < m Z d < 34 GeV, assuming SM Higgs production rate and Γ Z d 1 GeV. As noted in Ref. [7] , dedicated analysis are needed to search for lighter Z d .
For 
Using this result we would be able to impose the following non-trivial constraint on the effective couplings of the model 0 < c H 10 −4
